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We develop a previously proposed gauge-invariant method to integrate out infinite tower of 
Kaluza-KIein (KK) modes of vector and axialvector mesons in a class of models of holographic 
QCD (HQCD). The HQCD is reduced by our method to the chiral perturbation theory with the 
hidden local symmetry (HLS) having only the lowest KK mode identified as the HLS gauge boson. 
We take the Sakai-Sugimoto model as a concrete HQCD, and completely determine the 0{p'^) terms 
as well as the C(p^) terms from the DBI part and the anomaly-related (intrinsic parity odd) gauge- 

f~^ , invariant terms from the CS part. Effects of higher KK modes are fully included in these terms. 

^SJ ' To demonstrate power of our method, we compute momentum-dependences of several form factors 

such as the pion electromagnetic form factors, the 7r°-7 and oj-tt" transition form factors compared 
with experiment, which was not achieved before due to complication to handle infinite sums. We 
also study other anomaly-related quantities like 7'-7r''-7r^-7r~ and uj-TT^--K'^-Tr~ vertex functions. 
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I. INTRODUCTION 



Holography, based on gauge/gravity duality [i|, Q, has been of late fashion to reveal a part of features in strongly 
coupled gauge theories. Application to QCD, which is called holographic QCD (HQCD), is useful to check the validity 
of the holographic correspondence. In some models [J-Q which realize the chiral symmetry breaking of QCD, it has 
(^ been shown in the large Nc limit that some observables of low-energy QCD are consistent with the experiment. There 
are two types of holographic approaches: One is called "top-down" approach starting with a stringy setting; the other 
is called "bottom-up" approach beginning with a five-dimensional gauge theory defined on an AdS (anti-de Sitter 
r — , space) background. It is a key point to notice that, whichever approaches, one eventually employs a five-dimensional 
^+ gauge model with a characteristic induced-metric and some boundary conditions on a certain brane configuration. 

I • Holographic recipe tells us that classical solutions for boundary values of bulk fields serve as sources coupled to 

^-v currents in the dual four-dimensional QCD. Green functions in QCD like current correlators are thus evaluated 

f^ ' straightforwardly from the boundary action as a generating functional in the large Nc limit [5|, |6|. Equivalently, 
,— I . one can show that those things are calculable from the five-dimensional action by performing Kaluza-Klein (KK) 
ILJ ' decomposition of the bulk gauge fields and identifying KK fields themselves as vector and axialvector fields of a 
. ^H ' low-energy effective model dual to QCD 3, 4]. In this sense, one can say that, in the low-energy region, any model 
j^ of HQCD is reduced to a certain effective hadron model in four dimensions. Such effective models include vector and 

H ] axialvector mesons as an infinite tower of KK modes together with the Nambu-Goldstone bosons (NGBs) associated 
with the spontaneous chiral symmetry breaking. Infinite tower of KK modes (vector and axialvector mesons) then 
contributes to Green functions such as current correlators and form factors. Here we follow the latter approach 0, 0] 
dealing with the bulk action as a functional of the gauge fields. 

It was pointed out [3|, |j,B4p that the infinite tower of KK modes is interpreted as a set of gauge bosons of hidden 
local symmetries (HLSs) |lCll4l2l |. Note that since the KK modes as the gauge bosons of HLSs are not necessarily 

mass eigenstates, we should distinguish them ("HLS-KK modes", Vji" in Eq. (|2.12p ) from the conventional KK modes 

{BfT in Eq. (|2.14p ). Hereafter we shall call the HLS-KK modes simply the KK modes. Solving away higher KK modes 
through the equations of motion derived from the five-dimensional effective action, which is equivalent to integrating 
out KK modes in terms of functional integral, we showed [13| that, in the low-energy region, any holographic model 
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can be formulated in the HLS notion to be reduced to the HLS model having a finite set of HLS gauge bosons with 
the lowest one identified as the p meson and its fiavor partners. 

Instead of dealing with the infinite tower of KK modes, we demonstrated [13] that effects from the higher KK modes 
are fully incorporated into coefficients of the 0{p'^) terms in the HLS field theory extended from the conventional 
chiral perturbation th eory (ChPT) J^J, so-called the HLS-ChPT [13. [l5|. (Similar method of integration out was 
also considered in Ref.[ia|-) Furthermore, since it is a manifestly HLS-gauge invariant formulation, one can calculate 
any Green function order by order in the derivative expansion, or loop expansion, in which higher order corrections 
may be identified with the 1/A'c-subleading effects which are not easily figured out in HQCD. In fact we calculated 
meson-loop corrections as 1/A^c-subleading effects in terms of the HLS-ChPT for the Dirac-Born-Infeld (DBI) part in 
the Sakai-Sugimoto (SS) model [3,|i|. 

In this paper, our method will be developed in details including external gauge fields such as photon in a class of 
HQCD models including the SS model. By construction our method is manifestly invariant under the HLS and the 
chiral symmetry including the external gauge symmetry. It will be shown that on the contrary, a naive truncation 
simply neglecting higher KK modes of the HLS gauge bosons violates the HLS and the chiral symmetry including 
the external gauge symmetry. We further extend our method to the Chern-Simons (CS) part. In the case of the SS 
model we present a full set of the ©(p*) terms of the HLS Lagrangian computed from the DBI part at the leading 



In addition, the anomaly-related 
17[ are completely determined from 



order of \/Nc expansion, which was partially reported in the previous work 113 

(intrinsic-parity odd (IP-odd)) gauge-invariant terms introduced in Refs. [llUl 

the CS part. Once the 0{p^) terms are determined, calculation of meson-loop corrections of subleading order in 1/A^c 

expansion in terms of the HLS-ChPT can be performed. 

Throughout this paper, we will confine ourselves to the large Nc limit, leaving calculations of l/7Vc-subleading order 
in future works. Even in the large Nc limit, our method is useful especially for studying momentum-dependences of 
several form factors, which was not achieved due to complication to deal with the infinite sum. Actually, given a 
concrete holographic model not restricted to the SS model, our method enables us to deduce definite predictions of 
the model for any physical quantity to be compared with experimental data. 

Here we demonstrate power of our method in the case of the SS model. The form factors are calculable in the 
general framework of the HLS model with its parameters determined by the SS model for IP-odd processes as well 
as IP-even ones. The electromagnetic (EM) gauge invariance and the chiral invariance are automatically maintained 
since our method is manifestly invariant under the external gauge symmetry as well as the HLS. As to IP-even 
processes, an explicit form of the pion EM form factor is given to be compared with the experimental data. As to 
IP-odd processes, we also give explicit forms of the 7r°-7 and w-tt" transition form factors and the related quantities 
such as 7*-7r°-7r''"-7r~ and a;-7r*^-7r"'"-7r~ vertex functions. To show that our formulation correctly includes contributions 
from infinite set of higher KK modes, we further derive the same results by a different method dealing with the infinite 
sum explicitly without using the general HLS Lagrangian. It reveals the fact that infinite sum is crucial for the gauge 
invariance. Actually, the EM gauge symmetry and chiral symmetry (low-energy theorem) are obviously violated by 
a naive truncation simply neglecting higher KK modes instead of taking the infinite sum. Note that the importance 
of the higher KK modes is visible only in the HLS basis: The higher KK modes in the mass eigenstates basis (KK 
modes in the usual sense) do not contribute at all, since our method is equivalent to setting zero the higher mass 

eigenstate fields S)," — Q{n ^ 1) via equation of motion of B[^ (see Eq. (|2.34p '). This is in accord with the fact that 
the SS model may not be reliable beyond the scale of AIkk ^ 1 GeV. 

This paper is organized as follows: 

In Sec. |TT] we start with a class of models of HQCD including the SS model [3, 0| and explain our formulation 
integrating out arbitrary parts of infinite tower of vector and axialvector mesons in a manner manifestly invariant 
under the HLS and the external gauge symmetry. We demonstrate that low-energy effective models of HQCD can be 
formulated by the HLS with 0{p^) terms. In Sec. lIIII we calculate the parameters of the HLS Lagrangian from the SS 
model for the IP-even and IP-odd O(p^) terms. In Sec. IIVI we present several applications of our method including 
the pion EM form factor and IP-odd form factors such as 7r"-7 and w-tt" transition form factors. Sec. |V]is devoted 
to summary and discussion. Appendix A is a proof that Fs defined in the text as a part of the CS action of the SS 
model is HLS-invariant (and thereby provides the HLS-invariant terms of the IP-odd part of the HLS Lagrangian) . In 
Appendix B DBI and CS terms are expanded in terms of the HLS building blocks. Appendix C is to demonstrate that, 
as done for the IP-even processes in the text, the same result as that of our integrating out method for the IP-odd 
form factors is obtained by an alternative method explicitly using sum rules of the infinite tower of the HLS-KK 
modes. 



II. A GAUGE-INVARIANT WAY TO INTEGRATE OUT HQCD 

In this section, we develop detailed formulation of our method [13|: Starting with a class of holographic QCD 
(HQCD) models including the Sakai-Sugimoto (SS) model 0, |3|, we introduce a way to obtain a low-energy effective 
model in four dimensions described only by the lightest vector meson identified as the p meson, based on the hidden 
local symmetry (HLS) together with the Nambu-Goldstone bosons (NGBs). Although most of notations adopted here 
follow the SS model [3|,|j], our methodology is applicable to other types of HQCD. 

A. Reducing 5d-models to 4d-models w^ith infinite tower of vector and axialvector mesons 

Suppose that the fifth direction, spanned by the coordinate z, extends from minus infinity to plus infinity (— cx) < 
z < oo) "^^ . The parity is introduced by imposing a reflection symmetry under an interchange z -f-)- — z along the 
fifth direction. We employ a five-dimensional gauge theory which has a vectorial U{N) gauge symmetry defined on a 
certain background associated with the gauge/gravity duality. 

The five-dimensional gauge field, Am{x^tz) with AI — {p.,z), transforms inhomogeneously under the U{N) gauge 
symmetry as 

ylM(a;^ z) -> g(x^ z)AM{x^,z)gHxf^, z) ~ idngi^^, z)g^x^, z) , (2.1) 

where g{x'^,z) is the transformation matrix of the gauge symmetry. As far as gauge-invariant sector such as the 
Dirac-Born-Infcld part of the SS model ^ |4J is concerned, the five-dimensional action in the large N^. limit can be 
written as *^ 



; J d*xdz I - ii^i(z)tr[F^„f ^n + K2{z)M^^tr[F,,,F'''] j 



S5 = NcJ d^xdz I - -i^i(z)tr[F^„f ^n + K2{z)M^j^tT[F,,,F^'] J , (2.2) 

where Ki2{z) denote a set of metric-functions of z constrained by the gauge/gravity duality. Mkk is a typical mass 
scale of the Kaluza-Klein (KK) modes of the gauge field Am- 

We choose the same boundary condition of the five-dimensional gauge field Aj^i as done in Refs. 0, |j|: 

Am{x'',z = ±oo) = 0. (2.3) 

A transformation which does not change this boundary condition satisfies dMg(x^,z)\z=±oo = 0. This implies an 
emergence of global chiral U{N)l x U{N)fi symmetry in four dimensions characterized by the transformation matrices 
9R.L — g{z — ±oo). With the boundary condition (j2.3|) imposed, the zero mode of A^ is identified with the NGB 
associated with the spontaneous breaking of the chiral symmetry. The chiral field 



U{x^) = Pexp 
is parameterized by the NGB field tt as 



dz' A.Xx^' , z') 



(2.4) 



U{x^) = e^^^ , (2.5) 

where F^ denotes the decay constant of tt. U is divided as 

U{x^)^eL{^^^)-Uxn, (2.6) 

such that ^_R,L transform as 

Ul ^ Kx'^) ■ Ul ■ 9i,L > (2-7) 



#^ In an application to another type of HQCD [6l|, the z coordinate is defined on a finite interval, which is different from the z coordinate 

used here. They are related by an appropriate coordinate transformation as done in Refs. @, 3- 
^■^ Models of HQCD having the left- and right- bulk fields such as Fi^, Fji '5', :6] can be described by the same action as in Eg. 1 12. 211 with a 

suitable 2-coordinate transformation prescribed. 



with h(x'^) being the transformation of the hidden local symmetry (HLS) [Tol - [T2| . Here we note that we can introduce 
an infinite number of HLSs by dividing U into a product of an infinite number of ^ fields [lOJ, |ll| . 

Chiral U{Nf)L x U{Nf)fi symmetry can be gauged by the external fields C^ and TZ^ including the photon field 
through the boundary condition [J] 

A^{xr z = ~oo) = C^,{x^) - V^(a;^) - A^,{x^') , (2.8) 

instead of Eq. (H^jK 

Following Refs. |3|, |4|, Il3| . we work in ^^ = gauge. There still exists a four-dimensional gauge symmetry under 
which Ai^i_{x^,z) transforms as 

A^(x'^, z) -^ h{x^') ■ A^(x^, z) ■ /i^(x^) - i^f,h{x^') ■ /i^(x'^) . (2.9) 

This gauge symmetry is identified [3,|j, [iJl with the above HLS. In this gauge the NGB fields reside in the boundary 
condition for the five-dimensional gauge field Afj, as 

A^{x^,z^+oo)=a^{x^'), A^{x^',z = -oo) = a^{x^'), (2.10) 

where 

«m(^'') = ^uxn'DAi^n^^^L{xni^^.-^c^)ilixn, (2.11) 

which transform under the HLS in the same way as in Eq. (|2.9p . Note that, in this gauge, we explicitize a single HLS 
among an infinite number of HLSs while the chiral symmetry is "hidden" . 

We introduce an infinite tower of the massive KK modes of the vector (V^ (x^)) and the axialvector (A/T (a;'')) 
meson fields. The vector meson fields Vji" (x'') transform as the HLS gauge boson: 

T/j")(a;^) ^ H^'") ■ ^i"Ha;^) ' h^x'') - i9^/i(a;^) • /i^(x^) , (2.12) 

while the axialvector meson fields AjT (x^) transform as the matter fields: 

A|;')(x^) -^ h{x'') ■ All'^xi') ■ /i^(x'^) . (2.13) 

It should be noted that the vector meson fields V"^ (a;'') are different from the mass-eigenstatc fields i?}" (a;^) in 
Refs. p, 14] which transform as matter fields, 

B^^'^xf") -^hix")- B^^\x^') ■ h'^[x^) . (2.14) 

The five-dimensional gauge field ^^(x^, z) is now expanded as '^^ 

00 
A,{x^,z) = a«(x'')0^(z) + a^(x'^)0^(z) + ^ (4")(x^)^2„(^) - T^j")(x^)^2„-i(^)) • (2.15) 

ri=l 

The functions {%l]2n-i{z)} and {V'2n(-z)} are the eigenfunctions "^"^ satisfying the eigenvalue equation obtained from 
the action ([^ : 

- K^\z)d,{K2{z)d,i;r.{z)) ^ XnM^) (« = 0, 1, 2, . . .) , (2.16) 

where A„ denotes the nth eigenvalue. On the other hand, the gauge invariance requires the functions 0^'^(z) to be 
different from the eigenfunctions: From the transformation properties in Eqs. (l2.9p and (|2.11l) - (|2.13l) . we see that the 
functions, (f)^^^{z), {-0271-1(2)} and {'(/'2n(z)} are constrained as 

00 

CJ>'^{z) + ^'^{z)-Y,i^2n-l{z) = l. (2.17) 



*'^ In Eq.l l2.15ll we put a relative minus sign in front of the HLS gauge fields V))" (x^) for a convention. 

** The eigenfunction for n = 2k (k = 1,2, . . .) is an odd function of z, while that for n = (2k — 1) is an even function. 



Using this, we may rewrite Ea. (|2.15p to obtain 

oo oo 



n=l 



where 



a.iui^n = '' \ '' 
respectively transform under the HLS as 

a^ll(a;^) ^ hix^ ■ a^wix'') ■ h^x^ - ^^^,h{x'') ■ h^ix^ , 

Note that a^_L includes the NGB fields as q;^j_ = y^d^ir + • • • . The corresponding wave function 
therefore be the eigenfunction for the zero mode (n = in Ea. (j2.16p ). V'o- 



(2.18) 



(2.19) 

(2.20) 

(2.21) 

6^ - 4)^) should 



0«(z)-0^(z)=Vo(^). (2.22) 

Thus we see from Eqs. (l2.17l) and (|2.22p that the wave functions 0^ and 0^ are not the eigenfunctions but are given 



as 



0«'-(z) 



1 + X! V'2n-l(2) ± V'o(z) 



(2.23) 



By substituting Eq. (|2.18p into the action (|2.2I) with Ea. (|2.22p taken into account, the five-dimensional theory is 
now described by the NGB fields along with an infinite tower of the vector and the axialvector meson fields in four 
dimensions: The action (|2.2p is expressed as 



55 = ^cMkk / dzd^^ I K2{z)i;l{zMa^,^{x^')f + K^iz) ^ A2„V2„(^)tr[4"n^^)]' 

•' I n=l 

+if2(^)f;A2„-iV'2ViWtrK||(x^)-V;(")(a;'0]'[-^^^cy'(i^(i'xifi(^)tr[^^.Fn, (2.24) 

where we have used the eigenvalue equation p.l6|) and the orthogonality relation among the eigenfunctions. In the 
last term of Eq. ()2.24p the five-dimensional field strength F^iy(x'', z) can be decomposed into three parts: 



oo oo 



F,,{x\z) = Fl^J{x^,z) + ^ Fl^\x^,z) + E E ^ir'^(^^^) 



(2.25) 



n=l 



n— 1 m— 1 



where 



FlfJ{x'',z) = i^^,(a||) + Mz)iD^a,±{x'') - D,a^^{x^)) - i^l{z)[a^^{x''),a,^ix^)] , 
F^:\x'^,z) - ^2„(^)(i^^4"' - ^.4"^) - ^2n-i{z){D^Vy^ - i?,V;(")) 

-iMz)^2n{z){K±,Ai^^] - Ki,4")]) +*^o(^)V'2„-i(^)([ap±4j"^] - K±4i"^]) , 

F^:^"^\x^\z) = *V'2„-i(2)^2™(^)([4"\ K^"^] - [4"\ V;^"^]) , (2.26) 

with 



Ff^:y{(^\\) = df,a,,ii{x'')-d^a^ii{x^')-i[ai,ii{x>'),a^ii{x'')], 



]/(") = yi^) 



a 



Mil 



(2.27) 



B. Integrating out KK-modes of vector and axialvector mesons 

We are interested in constructing a low-energy effective theory of HQCD written in terms of the meson fields with 
their masses lower than a certain energy scale. Suppose that those mesons are given by the KK-modes of the HQCD 
at the level of tti < M for the axialvector mesons Ajj™ (a;^) and the level of n < A^ for the vector mesons Vjj" (x'^). 

Let us first discuss naive truncation of KK-modes of the HLS gauge bosons as the vector and the axialvector mesons 
simply by putting A^^\x'') = for m > M and yj"''(a;^) = for n > iV in Eq. (f2T^ : 

M N 



n=l 



with the constraint in Eqs. (|2.17p and (|2.22p unchanged: 



0«(z) + ^^(z)-^V2n-i(;2)-l, (2.29) 

n=l 

0«(z)-0^(z) = ^o(^). (2.30) 

As a result, j4*''""(a;^, z) transforms under the HLS as 

A^™"(x^,z) ^ h{x^) ■ 4™"(a;^,z) • h\x^) - iC'™"(z) a^/i(x'^) • /i^(a;^) , (2.31) 

where 

N oo 

C*™"(z) = (/)^(z) + (/-^(z) - Y. ^2n-l(z) - 1 + ^ i'2n-l{z) + 1 • (2.32) 

n=\ ri=7V+l 

Then ^''""(a;^, z) no longer transforms as the gauge field. Since the action in Eq. (12. 2p is invariant under the 
transformation in Eq. (|2.9p but not in Eq. (I2.3ip . then this truncation violates the gauge symmetry (HLS) and hence 
the chiral symmetry '^'^ . 

The violation of the HLS/chiral symmetry can also be seen in the expression of Eq. (I2.24p with naive truncation, 
^(^'(a;^) = for m > M and y^^"^(a;^) = for n > iV: 

5^" = NMIy. /'dzd4x|x2(^)^o'(^)trK^(x'')]' + i^2(^)E A2„V2™(^)tr[4'"Hx^)]' 

•^ I m=l 

N oo 



+K2{Z) Y, X2n-li'L-AzMa^\\ixn - V/l^'H^n? + K2{Z) Y. ^2n^l^ln-l{zM^Mi^n? 
1 



n=\ n=N+\ 



-N,J dzd^xK,{z)tT[{F';r)\ , (2.33) 

where F*™" = 9^Aj;""-9,,A^™"-i [4™" , AJ;™"] . It is obvious that the last line is not invariant under the HLS/chiral 
symmetry since F*™" -/^ h ■ F'™" • h^ under the HLS. Similarly, one can easily see from Ea. (|2.20p that the last term 
in the second line also violates the chiral symmetry as well as the HLS. 

Now we shall discuss a method y^] to integrate out KK modes of the HLS gauge bosons, or solving them away 
through the equations of motion in an HLS/chiral-invariant manner. Equivalently, our method [13] is nothing but 

eliminating the mass-eigenstate fields BfT in Eq. (|2.14p through the equations of motion, B/T = 0, which may be 
phrased as "neglecting the higher mass excitation modes" [l8|. Consider a low-energy effective theory below the 
axialvector-meson mass of tti = M + 1 level and the vector-meson mass of n = A^ + 1 level, where the higher 
dimensional terms such as the kinetic terms may be ignored. Then the equations of motion for Bli = A/i™ with 
m > M and B^i^""^^ = (T/j"^ - a^||) with n>N read 

Q{2va) ^^M) ^ ^(m) (a;M) ^ (m = i\/ + 1, M + 2, • • • , 00) , 

5(2„-i)(^M) ^ (vKn)(^P)_«^^ll(^M)) ^0 (n-7V + l,7V + 2,..-,oo). (2.34) 



#^ Some reflections of tfie violation of tfie HLS/chiral symmetry will be discussed in Sec. IIIII 



Note that naive truncation is to eliminate the HLS fields V/]:" ~ j4}7 = in contrast to integrating out as Bl^' — 0. 
Putting these solutions into Eq. (|2.15p . we obtain 

RI N 

m—1 n—1 

oo 

- Y «Mit(^'')^2„-iW. (2.35) 

n=N+l 

This Alf^'s transforms under the HLS as 

A|7*'=s(a;^, z) ^ /i(x'^) • A|7*°s(x^, z) • h^x^") - iC'"*'=s(2) 9^/i(a;'^) • h^^ix") , (2.36) 

where C'""=s(2) ig identically unity from Eq. ^0^ : 

OO 

C-*^s(z) ^ 0^'(z) + cp^iz) - J2 ^2n-i{z) = 1, (2.37) 

in comparison with C'''""(z) 7^ 1 in Eq. (|2.32l) . This implies that A"*°s transforms as the gauge field in contrast to 
^trun jj^ ^YiQ naive truncation, and hence the action (j2.2p remains invariant under the HLS/chiral transformation after 
higher KK- modes are integrated out. The reason why A'^*^°^ transforms correctly is that the presence of the last 
term of Ea. (|2.35p consisting of a^\\ as a result of equations of motion (|2.34p keeps the transformation property of the 
original higher KK fields, in contrast to A*''"" which lacks the corresponding term. It is convenient to rewrite the 
expression in Eq. (I2.35P as 13] 

M N 

A'^'^«{x'^,z)^a^{xnv''iz) + a^^{x'^)^^{z)+Y 4"n^'')V'2™(^) - ^ ^i"^(^'')^2„-i(z) . (2.38) 

m— 1 n—1 

where 

N 



f 



\z) + ip''{z)-J2^2n-iiz) = l, (2.39) 



n=l 



(^^(z)-VP^(z) = i^o(^). (2.40) 

Note the crucial difference between the finite sum in Eq. p.39p and the infinite sum in Eq. ()2.29p . This point will be 
discussed in Sec. lIVI to be important for the HLS/chiral invariance which includes the electromagnetic gauge invariance 
when the system is coupled to the photon as in the pion form factor. 

The invariance can also be seen by the action (|2.24l) with the condition of integrating out KK-modes in Eq. (|2.34p : 

C M 



^f °s = TVeM^K / dzd*xlK2{z)i;l{zMa^^{xnf + K2iz) ^ X2m^LizMA^;^\xnf 

N >| 

+if2(z)EA2„-i^2Vi(^)tr[aHl(^'')-^i"'(^')]' 

n=l J 

-\n, \ dzd^xK^{z)lA{F'^i^^f\ . (2.41) 



where 

Fl'^^'^^ix^, Z) = 5^A|f*^S _ a^AJJiteg _ . ^^integ ^ ^mtegj (2.42) 

It is obvious that each term in Eq. (|2.4ip is invariant under the HLS. 



C. Integrating out HQCD back to HLS 

Let us next consider a low-energy effective model obtained by integrating out all the higher vector and axialvector 
meson fields in HQCD except the lowest vector meson field V^ (a;'') = Vfj_{x^), i.e. M = and A^ = 1 in Eqs. (j2.38p - 
(I2.40[) . Such an effective model can be described by the HLS model having only the NGBs and the lightest vector 
mesons denoted by p (p meson and its flavor partners) plus the 0{p'^) terms coming from the last term in Eq. (J2.41I) . 
Given a particular HQCD we can compute all the coefficients oi 0{p'^) terms [ij|: The 0{p'^) terms include the effects 
from infinite tower of higher KK modes and are completely determined as will be explicitly seen in the next sections. 

Substituting Eqs. ([05)1 and (PTJD)) into Eq. (P?^ with M = and iV = 1, we obtain 

A';^'-^{x^,z) = a^^ix^M^') + {a^wi^n + V^ix^) + d^||(x^)^i(z) , (2.43) 

where 

a^± = ^ {^rD^^I - a^^ei) = a^i , (2.44) 

a^ll = ^ {^bDA + ClD^CI) = -V^ + "HI , (2.45) 

with 

^p4 = 5^4 - ^7^^4 + «4^M : (2-46) 

dA = d^^[-tC^^[+t^[V^. (2.47) 

The resultant low-energy effective theory is given by putting Eq. (|2.43p into Eq. (12.411) with M = and A^ = 1 through 

Eq. dua). 

III. APPLICATION TO SAKAI-SUGIMOTO MODEL 

In this section, we apply our integrating-out method to the Sakai-Sugimoto (SS) model based on D8/D8/D4: brane 
configuration |3, Sj- As a result of integrating out higher KK modes other than the lowest one (p and its flavor 
partners), we give a complete list of the 0{p^ terms of the hidden local symmetry (HLS) at large Nc limit, which 
was partially reported in the previous work [13|. The anomaly- related (intrinsic-parity odd (IP-odd)) gauge-invariant 
terms introduced in Ref. [l7[ are also completely determined by integrating out higher KK modes in the Chern-Simons 
(CS) term. 

We shall first summarize the action of the SS model relevant to our discussion, following Refs. [3, |j]- The model 
consists of two parts, the Dirac-Born-Infeld (DBI) part and the CS part. 

The DBI part is given by 



,Gjd''xdzl - ^K-'/^{z)tT[F^,F^-]+K{z)M^^tT[F^,_F^']\ , 



S^i' = N,G I d^xdz{ - ^K-'r^{z)tr[F^^F^'']+K{z)M^^tT[F^,F^'] ) , (3.1) 

where K{z) = 1 -|- z^ is the induced metric of the five-dimensional space-time; the overall coupling G is the rescaled 
't Hooft coupling expressed as G = Ncgy^/ {lOSn^) with ^ym being the gauge coupling of the U{Nc) gauge symmetry 
on the Nc D4-branes the mass scale M^k is related to the scale of the compactification of the N^. D4-branes onto the 
5^ Comparing Eq. (|3T|) with Eq. (|2?2l) . we read off 

K,{z) = GK-''\z), 

K2{z) ^ GK{z). (3.2) 

Referring to Eq. (|2.16|) . furthermore, we can easily see that Eq. p.ip yields the eigenvalue equation 

- K^'\z)d, {K{z)d,i>n) = A„V„ , (3.3) 

with the eigenvalues A„ and the eigenfunctions ■;/;„ of the KK modes of the five-dimensional gauge field A^(x^, z). 
The CS action in the SS model is given by 

N r 

SsiiA)^^ w,{A), (3.4) 
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where M* and R represent the four-dimensional Minkowski space-time and the z-coordinate space, respectively. In 
terms of five-dimensional differential forms, the gauge field and the field strength are written ss A = AmcIx^ = 
A^dx^ + Azdz, F ~ dA — iA^, where we use the hermitian gauge field instead of the anti-hermitian one used in 
Refs. 0, 3|. Then the CS five-form W5(A) is expressed in terms of these five-dimensional differential forms as 



w^iA) =tr 



AF^ + -iA^F - —A^ 
2 10 



(3.5) 



Crucial is to notice that the CS action (13. 4p is not gauge-invariant under the five-dimensional gauge symmetry: Once 
the A^ = gauge is realized by the gauge transformation A ^ A^ = gAg^ +igdg\ the CS five- form W5{A) in Eg. p.Sp 
no longer takes the same form as in Eg. p. 51) but is modified as 

w,{A) = W5{A') - ^trigdg^]" - dai{idg^g,A) , (3.6) 

where 04 is the four-form function given by 

ai{V, A) = -]-ii[V{iAdA -t- idAA + A^) - ]-VAVA - V^A] , (3.7) 

and the modified CS five- form ^5(^3) becomes 

W5{A3) = tr[A9dA9dA9 - |i(AS)3d^9] . (3.8) 



Putting Ea. (p^ with Eg. ([3^ into the CS action ([0| . we have 

^SS^ = ^/ {aA{idg\+^)g{+^),n)~aSdg\-^)g{-^).C)] 

2407r^ Jm'^xr 



N, 



■ / tT[AadA<^dAa ~ -i{AS)^dA3] 
Jm'^ xr 2 



247r2 
= Ei-l-ra + ra, (3.9) 

where we have introduced external gauge fields TZ and C at the boundaries z — ±c», and 

5(±oo) = g(a;^±(X3). (3.10) 

Fi and r2 in Eq. ()3.9p exactly reproduce the covariantized Wess-Zumino-Witten (WZW) term [13, [20], while Fa is 
HLS-gauge invariant as shown in Appendix [X| and provides the IP-odd interactions involving vector and axialvector 
mesons. 

A. Dirac-Born-Infeld part 

In this subsection, we shall integrate out higher KK modes in the DBI part of the SS model given in Eg. (|3.ip : 

■5*061 (^) ^ 'S'DBIintcgl^ )' (3-11) 

where A'"*°s jg ^j^g integrated-out five-dimensional gauge field given in Eg. (l2.43p . The integrated-out action 
'5'DBiintcg — J d'^xC is expanded in terms of derivatives: The leading order terms counted as C(p^) arise from (i^^"*°^)^ 
term together with the kinetic term of the HLS gauge field Vf^ from {F"^°^)'^ term. On the other hand, the 0{p^) terms 
come from the remainder of {F"^'^^)'^ term. The Lagrangian C thus takes the form of the HLS Lagrangian [l(]| - [l3 |: 

£ = FMa^.±a'i] + aF^^^W^] - ^tr[V;,,T/^n + £(4) , (3.12) 
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where the exphcit form [13,ll5| of £i (? = 10-18) is irrelevant to discussions here, and 

In the SS model all the HLS parameters in C are calculated as "^^ [For details, see Appendix [B] 



N.GMIk / dzK[z) Mz) 



where a is a parameter and Vi,u the field strength of the HLS gauge field defined as Vfj_u — 9^K/ — d^V^j, — z[y^, Vu\- 
£(4) includes the 0{p'^) terms [ij, [l3 given by 

'C(4) = 2/itr[d^_La^d^_Ld'[] +y2tr[a^j_a^_La^a';[] 
+y3tr[a^||d|jd^||a|j] + ^4 tr[a^||a^||dUa|]] 
+Vb tr[a^_La^a^||d[[] + y^ tr[d^j_a^_LdUa[j] + 2/7 tr[a^_La^_La[[djj] 

+2/8 |tr[Q;^j_d|jQ;y_Ld[j] + tr[a^j_Q;[jd^_Ld||]| + yg tr[dpj_d[jdp_Ld||] 
18 

i=W 

+zi tr[V^,V^n + Z2 tr[i^,i^n + Z3 tr[V^,y'^"^] 
-|-zz4tr[V^^d'[d'[] + ZZ5 tr[V"p^d{|dj]] 

-1-12:6 tr[V^i,Q;^d'[] -|- izy tr[V^^d|jdj^] - izs tr A^u ("j^"|| + "|j"l] ; (3.13) 



(3.14) 



(3.15) 

(3.16) 

(3.17) 

(3.18) 
(3.19) 
(3.20) 
(3.21) 
(3.22) 
(3.23) 

(3.24) 

(3.25) 

(3.26) 
(3.27) 
(3.28) 
(3.29) 
(3.30) 
(3.31) 



(3.32) 



aFl ^ N,GMlK>^i{ijl) (Ai~ 0.669), 

1 = N,G{i,l), 
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-y2--iV,G-((l+7^i-Vo) ), 
y5 = 2ys = -yg = -2N,G ■ (V?^o') > 

ye = -2/5 - y? , 

y7 = 2iV,G • (Vi (1 + V'l) (1 + V^i - ^0')) 
y, = (i = 10-18) , 



2:1 



Z2 



-i7V,G((l + ^i)2) 
-^^cG(Vg), 



Z3 = 7V,G(V'i(l+^i)), 

Z4 = 2A^,G(Vi(l + ^1-^-0)), 

Z5 = -2iV,G(V?(l + ^i)), 

Z6 = -2iV,G((l-(-Vi-V'o)(l + ^i)): 

z^ = 2^,G(V'i(l + V'i)'), 

Z8 = -27VeG(ViVo) , 

where Ai ~ 0.669 is the eigenvalue obtained from Ea. p.3p [3,|J1 and we defined 

{A) = r dzK-^/^{z)A{z) 



#^ In Ref. list , the overall sign of 24 and the expression of j/i should be corrected. In Eos. 1 13.1811 and I I3.27I I these corrections have been 
made properly. 



11 

for a function A{z). In obtaining Eq. (|3.16l) we used the following identity 

dzK{z)^l{z) ^ Ai I dzK-'^/^{z)^jl{z) . (3.33) 



Note that the result xji = [i = 10-18) reflects the fact that the SS model picks up only the large Nc limit, since Ci 
such as £io = tr[Q;_L^d^]tr[dj_,yQ;J;[] are of order l/N^ subleading. 

The 't Hooft coupling G and the mass scale Mkk are free parameters of the SS model to be fixed by physical 
inputs, e.g., experimental values of F^^ and nip. In the holographic QCD the normalization of the eigenfunction tpi is 
usually taken to be NcG{ifif) = 1 corresponding to the canonical normalization of kinetic term of the HLS gauge field 
Vfj_ in Eq. p.l2p . In that case, the corresponding HLS gauge coupling g is moved over to the expression a,^||, etc., such 
as a^ii = — V"^ + a^ii — J- d^n = — ffV^ + a^||. Thus the HLS gauge coupling g is not determined by the holography. 
However, as far as tree-level computation including 0{p'^) terms is concerned, it turns out that physical quantities 
are independent of g, and thus of normalization of ■01 '*^. 

B. Chern-Simons part 

We shall next turn to the CS part in the SS model. In this subsection we integrate out higher KK modes of 
the HLS gauge bosons in the CS part of the SS model to determine the anomaly-related IP-odd terms in the HLS 
model 110-12. 17:]. In Refs. ,3, 4] it was shown that Fi and r2 in Eq. (|3.9p exactly reproduce the covariantized WZW 
term [1^, l20]- On the other hand, the HLS-gauge invariant portion T^ produces the IP-odd interactions involving 
vector and axialvector mesons. After integrating out higher KK modes in Fa, we obtain the four HLS-gauge invariant 
IP-odd terms introduced in Refs. 11, 12, 17] '^^t 

Tip'-odd = T^ / \ CiitT[alaR-aRaL]+C2itr[aLaRaLaii] 
167r^ J Mi [ 

+C3tT[Fv{aLaR - ctRaL)] + C4tr[Fy(dLafl - aRUL)] > , (3.34) 

where the normalization of C1-C4 terms followed Ref. [12], and 



aR,L 


= a|| ± a_L , 


Fv 


= dV-iV^ 


Fv 


Fl+Fr 
2 


Fl.r 


= ^Ir-Fl^, 



Fl,r = dC{n)-iC^{n'^). (3.35) 

The coefficients of the IP-odd terms are determined as (Detail of the derivation is given in Appendix [Bj ) 

C3 = ((^oV-if^V-i))) ' (3-38) 

2 



C4 - ((^o^i(-Jv^i-l))) , (3.39) 



^'^ It has been shown 12, 21] that some of the 0(p'^) terms can be absorbed into the redundancy of g through the redefinition of the HLS 
gauge field. This redundancy corresponds to the fact that physical quantities in the holography do not depend on the normalization of 
tpi. This redundancy is no longer true at loop level, i.e., physical quantities should depend on g, or normalization of tpi Il3| . 

#* The same result follows in a different approach at tree level, see Ref. |22| . 
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where we have introduced, for a function A{z), 

/oo 
dzA{z) . (3.40) 

-co 

Thus, after integrating out higher KK modes, the CS action (I3.9|) is reduced to the covariantized WZW term F^^^ 
and the IP-odd HLS-gauge invariant terms: 

^g|^5g|i,teg = rr^(f/,7^,>c) + r™i^„dd(«±,«ih^)- (3.41) 

IV. APPLICATIONS 

Given a concrete holographic model, our method presented in Sec. II enables us to deduce definite predictions of 
the model for any physical quantity to be compared with experimental data. In this section we demonstrate power of 
our method in the case of the Sakai-Sugimoto (SS) model [3|,|j]. Physical quantities are written in terms of the generic 
hidden local symmetry (HLS) model with 0{p^) terms, with the Lagrangian parameters being determined by the SS 
model. Since we have integrated out the higher KK modes of the HLS gauge bosons keeping only the lowest one, the 
p meson (and its flavor partners), the applicable momentum range should be restricted to < Q^ <C {rn?pi ,m?,, , ' ' ' }• 
We compute momentum dependence of several form factors in the low-energy region (^ 1 GeV) , including the pion 
electromagnetic (EM) form factor (Sec. IIV A[) and intrinsic-parity (IP)-odd form factors such as 7r*'-7 and cj-tt^ 
transition form factors (Sec. IIV B|) . In Sec. IIV Bl we also calculate anomaly-related vertex functions such as 7*-7r°-7r'^- 
■K~ vertex function. Such results were not obtained in the original formulation of the SS model |;4j] due to complication 
to handle infinite sum. We further confirm that our method correctly incorporates contributions from higher KK 
modes of the HLS gauge bosons, in a different way starting with the original expressions of form factors in the SS 
model written in terms of infinite sum of KK modes. We perform a low-energy expansion of those form factors in a 
way consistent with our formalism which integrates out higher KK modes into 0{p'^) terms of the HLS Lagrangian. 
This reproduces the same results as those obtained from our integrating-out method. 

Hereafter we will take Nf = 3 in which case the vector meson fields (pj'°, • • • ) and the photon {A^) field are 
embedded as follows: 







1 

a 

V2 


7f(/'° + 


^.) 


p1i 


y, - 


= gp^i = 


Pp. 




Kf 






\ 


M 




M 






'I 


\ 






V, = 


= eA^ 


-\ 

^ 




4/ 








(4.1) 



A. Pion electromagnetic form factor 

We shall first derive an expression of the pion EM form factor from the general HLS Lagrangian given in Eq. p.l2p . 
Taking unitary gauge of the HLS, we expand d||p and a±^ defined in Eqs. (|2.44|) and (|2.45|) in terms of the pion fields 

IT as ^123 

^W,^ = Tr0pn + Ap-^[V^,7T] + --- , (4.2) 



i 

2FV 



a±M = -l^M + ^t^- 777^ [^pT^^ ^] + • • • . (4.3) 



Substituting these expansion forms into the Lagrangian p.l2|) . we have 

^PP = -l^^A{^ppy-^^p^,f]+ag^Fitr[p^p^']. 



£7- = 2le{l-'^yT[A^[^^'^l,n]] + '-^iT[^^A,\^^'n,^''^T]] 



Cp-^-n = iagtr[p^[d^Tr,'!r]] + —-tr[d^p„[d'^TT,d''Tr] 



IZa 

-L ^ 

L^p = -2ea5F>[p^A^] + 2eagz3tr[9^A,(a^p''-aV^)]. (4.4) 



13 

From these, we read off the p mass rUp, the direct 7-7r-7r vertex g^^^^Q"^), p-ir-Tr vertex gpTnriQ^) and p-7 mixing 
strength 5rp(Q2): 



mj = ag'F^, (4.5) 

gp{Q') = !!^fl + g^z,9l)^ (4.7) 

9,^0") = ^«5(l + ^|J) , (4.8) 

and the on-shell gp and gpTru- couphngs: '^'^ 

9p = 9p{Q^ = -^p) = «.9^'(1 - .9'^3) , (4.9) 

ffpTT^ = gpTTTviQ^ = -TOp) = TTflg I 1 - t;9^z4: ) , (4.10) 



where Q^ — ~p^ is space-hke momentum squared. 

The pion EM form factor Fy is thus constructed from two contributions ihustrated in Fig. [I] one from p- mediated 
diagram (graph (6)), and the rest (graph (a)). By using quantities in Eqs. (|4.6l )- (|4.8p . Fy (Q^) can be written as 



ml + Q^ 



F^ (Q^)^g7-(Q^) + ""^"2 7.2 ■ (4-11) 

"^p 



We may rewrite this expression as 






F^v (Q^)-(l-o«)+^^+2;;^p7^' (4.12) 



where 



a = a 
1 



(. 5^4 2 ^(rz3)(rf4)\ .. ^„. 

(^l-^-gz3 + ^ j, (4.13) 



I = ^a(.g2zg + (g2^3)(g2^4)) . (4.14) 

Note that our form factor (j4.12p automatically ensures the EM gauge invariance no matter what values a and z may 
take, 

^^"(0)^(^1-0+^ = 1. (4.15) 

Here we note that the "p meson dominance" is defined as 

which is equivalent to taking 

5 = 2, z = 0, (4.17) 

and is different from taking g^^^^Q"^) = in Ea. (|4.6l) (absence of graph (a) of Fig. [1]). Were it not for the 0{p'^) 
terms, the definition of the p meson dominance would be the same as g^y-miiQ'^) = (1 ^ o,/'^) = 0. 



#^ In Ref. [13|| the plus sign in front of g^Z4, term in the expression of 3p,rir should read minus as in Eg. 1 14.101 1. 
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FIG. 1: Diagrams relevant to the pion EM form factor Fy in the general HLS Lagrangian (|3.12|) . 







0.2 0.4 0.6 0.: 
e' [GeV'] 



1.0 



FIG. 2: The prediction (black solid curve) of the pion EM form factor Fy fitting the experimental data [24l427j with 
X^/d.o.f = 147/53 — 2.8. The red dotted curve corresponds to the form factor in the p meson dominance hypothesis with 
a — 2 and z — Q. (x^/d.o.f — 226/53 = 4.3). The blue dashed curve is the best fit to experimental data with ajbost = 2.44, 
5|best = 0.08 (xVd-o.f = 81/51 = 1.6). 



Let us now evaluate the form (|4.12p in the SS model, 
and (|3.16p . a and z are determined in the SS model as 



By using Eqs. ([3T7|) . ^^, (0221), dS^Sl), with Eqs. ([3T5l) 



TT (V'l)(V'l(l 



i'D) 



2.62. 



^D) 



{i^D 



(i-V-o') 



a 
2 



-Ai(l- 7^2^ -0.08, 



(4.18) 
(4.19) 



where we have used Ai ~ 0.669 in Ea. ([5TTC)) . Substituting the values in Eqs. dlTTSl) and (|i?TO)) into Ea. (|il^ . we 
evaluate the momentum-dependence of Fy as a definite prediction of the SS model for the pion EM form factor. 



See Fig. [5] (black solid curve). Here we used the experimental input of m 



p, rup = 775 MeV [23j. (We do not need 
an experimental input of Ft^ for this quantity.) The experimental data from Rcfs. |24l427| are also shown. The x^-fit 
results in good agreement with the data (x^/d.o.f — 147/53 — 2.8). 

For comparison, we have also shown the best fit curve (denoted by a red dotted line) resulted from fitting the 
parameters (a, z) in the general HLS model (|4.12p to the experimental data, which yields the best fit values of a and 
z, a|bcst = 2.44, zjbest = 0.08 (x'^/d.o.f — 81/51 — 1.6). It is interesting to note that the best fit values of a and z 
are quite close to those in the predicted curve, which reflects that the predicted curve flts well the experimental data. 
Comparison with the p meson dominance with a ~ 2 and z = in Ea. (|4.12[) is also shown by a blue dashed curve 
(xVd.o.f = 226/53 = 4.3). 

Given any holographic model, our method can make a deflnite prediction of the model for the pion EM form factor 
in terms of two parameters a and z of the general HLS model which are determined by integrating out higher KK 
modes of the HLS gauge bosons. The best fit values in the above are the reference values to be compared with those 
of the holographic models. In comparison with the p meson dominance, the deviation from a = 2 and z — represents 
the contributions of higher KK modes in the generic holographic model as will be shown below. 
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We shall next discuss an implication of our method from a different point of view. We start with the expression of 
the form factor originally studied in the SS model, which takes the form of the infinite sum of KK modes of the HLS 
gauge fields: 



F^ (Q') 



= E ^¥t^2 ■ (4-20) 



Our method is to integrate out the higher KK mode effects into the 0{p^) terms of the HLS Lagrangian having only 
the p meson as a dynamical degree of freedom. To be consistent with our method, we expand this form factor as 



F^ m 



9p9pTrTT \~^ QphQphT'l^ 



E: 



"1? + Q^ '^ rni 

SS p ' ^ 1.^2 /"= 



/ oo \ / oo „2 \ 

gpSpTTir I / ■^^ 9pk9pk-^-^ I + I — \^ 9pk9pk-^TT w \ (A 9^) 

Z_^ m2 I I Z-^ Tn2 m2 ) ' \ ■ J 



P ^ \fc=2 Pi' / \ k=2 Pi' Pi' / 

up to 0{Q'^ /m^p^) [k > 2). Note that the 0{p'^) terms of the Lagrangian correspond to 0{Q^) terms in the expansion 
of the pion EM form factor. Using the sum rules [J], 

CO 

Y^gpki^ = 1, (4.22) 

k=i "^P" 

OO 

/c=l Pi' P 



we have 



oo 

9pk9pkiT-'r -, 9p9pvK 



E ypkypkiTTT _ , _ ypUpyw / . 24N 

qry]2 9.^ 2 



fc=2 Pi' P 



fc=2 PI' P ^ "P 

From Ref. (4| , we read off pp and gp-^-K as well as rtip ^ 



^ 9Pk9^ ^ 9_p9p^ _ n^^^^ ^^25) 



ml = AiAfi^, (4.26) 



9p = VNcG\iMf,K\HT^, (4.27) 



Vi 


VcGAii 
Ai 


v4k^ 


/(^l)2 


TT 


/(V'i(i 


-V'o'))^ 



where we retained (V'l) to make explicit the ambiguity of the normalization of -01 in contrast to Ref. 3 where the 
normalization of V'l is fixed as NcG{ipf) — 1. Substituting these into the right hand sides of Eqs. (l4.24p and (|4.25p . we 
find 



oo 



9pk9pk^^ _ -, ""x (V'i)('0i(l-'/'o)> 



E UPkypkT^-^ ^ 1 _ ^\ 
Tn2 a 1 



fc=2 PI' 



8 ' {^l 



2\ 



E ^^^3^ = i^^. ( '"'■"llir""" - <' - *.'> ) ■ («») 



fc^2 '"P'. ^™? V ^"^'l 



#^'' In Ref. 1131 the expression corresponding to Eg. 14.2811 has a typo. 
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Comparing Eas. (|4.18p and (|4.19p . we arrive at 

oo 

ml ^ 2 ' 

CO 

_y 9pk9p.^n ^ fs|^ (430) 

and hence at the same result as that obtained by our method integrating out higher KK modes fEq. (|4.15p with 
Eqs.gUl) and gH])): 



2«ss)+^ss o+ 2 ml 



F^ (Q^)|ss=(l--a,3)+5,3^ + ^-^. (4.31) 



The deviation from the p meson dominance is parameterized as 

Aa ^ (^^) , (4.32) 

AS = (5-0). (4.33) 

From Ea. (|4.30l) and referring to Ref. [J], we may numericahy read off these quantities in the SS model as 

Ad^, = ^-1-0.31, 



2 



OO 



J2 9p.9p.n. ^ (o.346)p. + (-0.0505)p" + (0.0128)p,., + • • • , (4.34) 



m„ 

k=2 Pk 



A533 = -ml Y, ^^"^f - (0.0806)p. + (-0.0051)p.- + (0.0007)p." + • • • . (4.35) 

k=2 "^Pfc 

This implies that the deviation from the p meson dominance (a ~ 2.62, z ~ 0.08) comes dominantly from the p'-meson 
contribution. 

Since the result is identical to that of our method which is manifestly EM-gauge invariant by construction (See 
Eas. (|2.36p . (|2.37p and (|2.41l) '). the resultant form factor (|4.3ip should be EM gauge invariant. In fact, we have 

J^y"(0)|ss=(l-^)+%-l. (4.36) 

In contrast, a naive truncation corresponding to the Lagrangian in Ea. (|2.33p would read 

trun 



9p9pTnv / . o7\ 

2 I r)2 ' y^-^' ) 



ml + Q 

SS p -^ 

which corresponds to ignoring the last two terms in Eq. (|4.21l) coming from higher KK modes to both 0{p^) and C(p'*) 
terms. Since the Lagrangian (I2.33P is gauge non- invariant, so is the form factor above. 



Fv (0) 



trun 

= M^ = ^^ 1.31^1, (4.38) 

m„ 2 

SS '' 



where we used Eq. (|4T8)) together with Eqs. (|4?26l) . (|427)) and (|428)) . Note that the truncation (jJT^ is different 
from the p meson dominance KT^ which is gauge invariant. 

B. Anomaly- related intrinsic parity-odd processes 

In this subsection we calculate momentum dependence of the IP-odd form factors, tt^-^ and uj-tt'^ transition form 
factors. We also study several IP-odd vertex functions such as Tr°-j*-j* (Sec. IIVB ip . lu-tt"-^* (Sec. IIVB2I) . 7*-7r"- 
7r+-7r~ (Sec. IIVB 31) . and to — )■ tt^tt+tt" decay (Sec. IIVB4p . and discuss the p/uj meson dominance. Discussion of 
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an alternative method, which leads to the same results as ours shown in this subsection as done in Sec. IIVAI (See 
Ea. (|4.2ip ). will be given in Appendix Id 

The IP-odd interactions in the general HLS model are read off from Eq. p.34|) together with the WZW term as [lj| 



CvAtt — 
i-'AA-rr = 



_egNc_ 
'Att^Ftt 






(1 - Ci)e^'''^^tT[d^A,dxA„7:] , 



'tT[Ai_,d^TrdxTTda'rr] , 



-Cy^a = -i ^^g (ci - 02 - C3)e'^''^'^tT[pf_,di,Trd\TrdaTr] . 



For relevant Feynman graphs for each IP-odd process, see Figs. 4, 5, 6, and 7 in Ref. [12|. 



(4.39) 



1. 7r'^-7*-7* vertex function andiv'^-^ transition form factor 



We start with an expression of effective tt'^-^*-^* vertex function from the general HLS Lagrangian fEqs. p.l2p and 
gSSl)): 






qiaq2p 



-.2^ 1l 



/I N , (C4 - C3) 
(1 - C4) + X 



.2„ 9? 



DM) 1 - 9'^3^ + DUlt) 1 - 5^^3^ + (9f ^ 92) 



+y {i^.('??) (1 - .9^-3^) • ^.(^2^) (1 - 5^.3^ ) + (g? O ,2^) 



where qi^2 represent outgoing four-momenta of virtual photons 7* and 

n2 



DpAp) 



m 



p.u 



t2 _ „2 

n2 



9pAp^) 



l-g'z3- 



P^ljJ 



We further rewrite Eq. ()4.40p as follows: 

r''''[7r°,7:(9i),7:(92)] 



e^TV, 



127r2F^ 

^7r27 



fivafi 



gia92/3 



^.27 + :^ {i^,(g2) + i5^(g2) + (^2 ^ ^2)1 



{Z?p((??).7?.(g2) + (g?^<?|)} 



where we have used an identity for an arbitrary coefficient C, 



P 



DpAp')[^^C , 



{l-C)DpAp^) + C, 



and defined 



^"'^ = l-(l-5'^3)(c4 + c3-g2z3), 

B-27 = (l-g2;^3)[(c4 + c3.g2;,3)_c3(l-5'^3)] 

C-2^ = c,{l~g^z,f. 



(4.40) 

(4.41) 
(4.42) 



(4.43) 



(4.44) 



(4.45) 
(4.46) 
(4.47) 



Note that these parameters satisfy 



which reproduces the low-energy theorem: 



j^-^^l + ^^^27 _|_ ^7r27 _ ^ 



r^-[^°,i:{qi),i:{Q2)] 



q\,ql^a e^TVe 



127r2R 



-e q_\aq_20 



18 



(4.48) 



(4.49) 



The p/w meson dominance [2^ for this process is defined in a way similar to Eq. (|4.16p by taking A^'^'^ = 57^27 _ q 



r^''K,7:(9i),7:('Z2)] 



247r2F^ 



^''""^1.92^ (i?p(g?) • i?c.(g2') + (g? ^ 92')) 



(4.50) 



The 7r''-7 transition form factor F^^a^ is obtained from Eq. (j4.43p by setting one of the photon- momentum squared 
(q^ or g|) to be zero: 



i^.o^(g2) = (1 - 5) + -[i5,(Q2) + i?.(Q2)] , 
where Q^ = — g^ (or — g|) and we defined 

a EE 1 - (^^^27 _^ 57r27>) ^ 

The pjijj meson dominance defined by Eg. (14.501) reads 

1 ' " 



(4.51) 



(4.52) 



2 \ nip 
c = 1. 



Q^ 



Q^ 



(4.53) 



We shaU now evaluate the parameters in Eas. (|443l) and (|43T|) in the SS model. Using Eqs. (|3T7| . (IX26)) . ((338l) . 
and ([339| . we calculate A'^'^'>, B'^'^i , and C'^t to get 



^.27 = i_ 



(V'i)((V'o^i)) l(Vi)'((^oV'?)) 



„.27 ^ (V'l)((^O^l)) _ {^1?{{MI)) ^ 



1- (0.61) = 0.39, 



-0.09, 



*^^7r27 
SS 



0.50. 



By using these values and Eq. (|4.52p . the value of c of the SS model is calculated as 

Cgg ~ 1.31 , 



(4.54) 
(4.55) 
(4.56) 

(4.57) 



which implies that the form factor F^^o^ in the SS model violates (about 30%) the p/uj meson dominance. Putting 
the value in Eq. (|4.57p into Eq. (|4.5ip . we evaluate momentum dependence of F^o^ as a definite prediction of the SS 
model for the 77^-7 transition form factor. See Fig. [3] (black solid curve). Here use has been made of the experimental 
inputs of rup and m^^ , nip = 775 MeV and ra^^ — 783 MeV [23| . The experimental data are from Ref. 29] which is 
the only experiment in the space-like region '^^^. Figure |3] shows that the momentum dependence of F^o^ in the SS 
model disagrees with the experiment (x^/d.o.f — 63/5 = 13). 

For a comparison, in Fig. |3]we plot a curve drawn by a blue dashed line obtained by fitting the parameter c of the 
general HLS model to the experimental data, which yields the best fit value of c, cjbcst — 1-03 (x^/d.o.f = 3/4 = 0.7). 
This best fit value is very close to c = 1 of the p/u meson dominance (red dotted curve in the figure) . 



*^^ The experiment of Ref. [23| yields the linear coefficient of -F^o„ consistent with the current average value '23], a|Avo. = 0.032 ± 0.004, 
within Icr error. 
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-s=--=-^-^i^ = 



-...l 



0.5 1.0 1.5 

Q:- [GeV^] 



2.0 



FIG. 3: The prediction (black solid curve) of the -k -7 transition form factor F^a^ with respect to space-like momentum- 
squared Q^ . Comparison with the experimental data [29| yields x^/d-O-f ~ 63/5 — 13. The blue dashed and red dotted curves 
respectively correspond to the best fit curve with Cbest = 1.03 (x^/d.o.f = 3.0/4 = 0.7) and the p/a; meson dominance with 
c= 1 (xVd-o.f = 4.8/5 = 1.0). 



2. a;-7r''-7* vertex junction and oj-tt" transition form factor 

We begin with an expression of effective uj-tt^-j* vertex function obtained from the general HLS Lagrangian 
(Eqs.dSUl) and (|TM)) ): 



r'^^K(p),7r^7:(fc)] = 



eN, 



Stt^F^ 



^6^''"Vfc^ • 9 



C4-C3 \ , „ ,,2s /, 2 ^ 



+ C3-Dpik')[l~g'z3 



(4.58) 



where p and k respectively denote incoming four-momentum of cj and outgoing momentum of 7*. Using the identity 
(|4.44p . we rewrite Eq. (|4.58p into the following form: 



eN, 



r'^''[c.^(p),7r°,7:(fc)] = _^e^-Vfc/3 • [^""^ + S""^^p(fc')] , 



(4.59) 



where 



^""^ = 2^[(c4 + C3-5'^3)-C3(l-5'^3)] 



(4.60) 
(4.61) 



Note that (^A'^^"' + B'^^'') is not constrained, which is consistent with the fact that there is no low-energy theorem for 
Ea. (|4.59p in the low-energy limit: 



p'''K(p),^",7:(fc)] '^^ ^^e^'^^Vfc/s • [^"^"^ + s'^n , 



r(w^7r"/+r) 



(rn^—yn^o) 



^^'tJ-H^{^-'^)^ 



Am^q 



2 Ji 



-1 3/2 



(m2 -m2„) 



2 \2 



g2 - 4to2 



2\|2 



\F^Ar)\ 



(4.62) 



in contrast to Eq. ()4.48p for the 7r"-7*-7* vertex function. 

The aj-7r° transition form factor F^^^a can be extracted from the to — > 7r°Z+/^ decay width r(a; -^ n^l^l^) [l^ 
e^ , /i* ) which is calculated through the effective a;-7r'^-7* vertex function as 



(4.63) 
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where r(a; -^ tt'^j) denotes the w — ?► 7r°7 decay width '^^'^, 



r(w ->■ 7r"7) = 



3a 



647r4F2 



9 2 \ 3 

m , — mtr 



with 



9a. 



j^unr-r ^ j^ujTTi 



2m,. 



ff(c3 + C4) 



The transition form factor -Fl^^o is then expressed as 
where 



(4.64) 



(4.65) 



(4.66) 



(4.67) 



The /9 meson dominance [28| for this transition form factor is defined in a way similar to Eq. (|4.16p by taking f = 1 as 



Fu..o{q^) 



m?p — q^ 



f = 1 



(4.68) 



Let us now evahiate the parameter f in Ea. (|4.66p in the SS modeL Using Egs. p.lTp . p.26p . p.38p . and p.39p . we 
have 



^W7r7 






1 



2^/Nji 
1 



((V-oV-i)) m{{Ml)) 



2y/N^ 






(^2)3/2 



and calculate r to get 



(^2)3/2 



1.53. 



(4.69) 
(4.70) 

(4.71) 



which implies that the form factor F^^j^o in the SS model violates (about 50%) the p meson dominance with f = 1. The 
predicted curve in time- like momentum region is shown in Fig. |4] as a black solid line together with the experimental 
data [30, |3l|. Figure. 2] shows that the momentum dependence of F^^^^o in the SS model is consistent with the 
experimental data (x^/d.o.f = 45/31 — 1.5). 

The predicted curve is compared with a blue dashed curve obtained by fitting the parameter r of the general HLS 
model to the experimental data, which gives the best fit value of r, fbest — 2.08 (x^/d.o.f — 24/30 — 0.8). Comparison 
with the p meson dominance with f = 1 (red dotted curve) is also given (x2/d.o.f — 124/31 — 4.0). 



#12 The SS model predicts [1 3^^^ = gp„^. This leads to .'"'0""''+"^- 



r(p0-nr + 7r-) 



(5.37 ±0.03) X 10 ^ which is compared with the experimental 



SS 



value 123 



values. 






(5.07 it 0.12) X 10 ^, although values for each decay width deviate (about 40%) from the experimental 
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0.0 0.1 0.2 0.3 0.4 0.5 0.6 
q [GeV] 



FIG. 4: The prediction (black solid curve) of the uj-n^ transition form factor F^^o{q'^) with respect to time-like momentum 
q. Comparison with the experimental data [301 . [3ll | yields x^/d.o.f — 45/31 = 1.5. The best fit curve with fbcst = 2.08 
(x'^/d.o.f = 24/30 = 0.8) and curve corresponding to the p meson dominance with f = 1 (x^/d.o.f = 124/31 = 4.0) are drawn 
by blue dashed and red dotted lines, respectively. 



3. J* -7v° -7v^ -TT vertex function 



We start with an expression of effective 7*-7r'^-7r^"-7r vertex function obtained from the general HLS Lagrangian 
(Eqs.dSUl) and (gSHl)): 



eNc ^ a fj 



C4 - C3 , C3 



3 3 IP 

1 - 7(C1 - C2 + C4) + -(Ci - C2 - Cz)D^{p^) 1 - g'^Z3^ 

4 4 V mt 



^.2„ P 



1„2_ (9++9-y 



+ ^-^D^{p') 1 - g'z,^ X D,{{q+ + q.)') 1 - ^-g'z^ 



'Dp{{q- +qo) ){l- -g Zi — ^ I + i:>p((9o + g+) ) ( 1~ 2^ ^^ ^^^2 



(4.72) 



where p and g±^o respectively stand for incoming four- momentum of 7* and outgoing four- momenta of tt* and ir'^ . 
By using the identity (|4.44l) . the expression (|4.72p may be rewritten as 



T,[^;{p)y{q,),^+{q+U-{q^)] 






Un^F^ 



A'^^'' + B^^"" ■ D^{p^ 



CT 



3ir 



r)737r 
+ ^- • D^{p^) ■ I Dpiiq+ + q_f) + Dp{{q_ + q,,f) + i?p((qo + 9+)') 



Dp{{q+ + g-)') + i5p((g- + qof) + i5p((go + q+f) \ 

(4.73) 



where 



Stt 



A^' 



J^IStv 



y^737r _ 

4 



(1 - g'z3){ci -C2 + C3) - 2c3(l - g^zs) 1 - -3^24 + U - o3^4 (cs + C4) 



(1 - 5^z3)(ci - C2 + C3) - 2c3(l - .92^3) 1 - -g^z4 



-2c3(l - g^z-s) ( 1 - ig2z4 j + (l - ^g^z^ ] (cg + C4) 

2c3(l-ff'z3)(l-^g'24 



(4.74) 

(4.75) 
(4.76) 
(4.77) 



Note that these parameters satisfy 



jpS-rr _|_ j^j3tt ^ ^737r _j_ jjjStt _ ^ 



which reproduces the low-energy theorem: 



^AltiP)^'^°ilo),T^^iq+),T^ (<?-)] "^ --[2^;^^^t^'^'^Plo1+1~ 
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(4.78) 



(4.79) 



The p/u! meson dominance for this process is defined in a way similar to Eq. (I4.16P by taking A'^^'^ — B'*^^ — C'^'^^ — 
(^73^ = 1) as 



r^[7:(p),7r"(go),vr+(q+),^-(q-)] 



eNr. 



B 'I'l-u, 



OR 2 I7S ^'''^"/''^0'J'+'?- 2 2 I 2 / I Y. 

AKt-K^b^ rn^ — V \ "^I'p ^ (9+ + 9-) 



+ (9+ -^ 9o) + (g- -^ go) 



(4.80) 



We shall now evaluate the parameters in Eq.gJS]) in the SS model. Using Eqs. ([3l7|) . dSSSl), ([3?27|) . and dSSS])- 
(I3.39p . we have 



^Jf = 1-i 



(V'i)((^oV'i(i-^§))) , ((^oV'i))(^i(i-V^')) ((^oV'?))(V'i)(^i(i-V'o')) 



rn'iT! _ ^ 

SS 4 



y^737r 

^ss - 4 



7-)737r _ ^ 
SS 4 



(V;i)((^o^i(l ~ V;g))) ((V;oV;^))(V>i)(V>i(l - V>g)) 

((7/;oVi))(V'i(i - v-o')) ((V'oV'?))(V'i)(V'i(i - ^D) 



{^! 



2\2 



((^oV'?))(V'i)(^i(l-V'g))' 



(^? 



2\2 



They are calculated in the SS model as 



(4.81) 
(4.82) 
(4.83) 
(4.84) 



AJ^'' ~ 1-(1.03) = -0.03, 

Bjf^ ~ 0.04, 

CJ^^- ~ -0.51, 

D7?'' ~ 1.50, 



(4.85) 



in which DJ^'^ ^ 1 implies that the effective 7*-7r°-7r+-7r vertex function in the SS model violates (about 50%) the 
p/uj meson dominance. 



4- w — >■ tt'^tt'^'k decay 



The w — >■ TT TT+TT decay width is given by 



r(u; -^ 7r°7r+7r") = 



1927r3 



dE+dE^ {\q+\^\q-\^ - {q+ ■ q-f) |i^„^3.| 



(4.86) 



where E± and g± are respectively energies and three-momenta of tt in the rest frame of w. We construct the w — )■ 37r 
form factor F^^^^t^ from the general HLS Lagrangian fEas. p.l2p and (|4.39l) ): 



Fu, 



N, 



>3;r 



Aii'^FT^m? 



Sag 2. X , ag^ \ (. g'^Zj {q+ + q-f 
-—g (ci - C2 - C3) + -—C3i 1 - — -^ 



D,iiq++q-r) 



+(<?+ ^ go) + (g- ^ go) 



(4.87) 
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where (7o,± are four-momenta of tt"' , respectively. Using the identity in Eg. (14.441) we may rewrite -Fa;->-37r into the 
following form: 



F, 



Nr. 



cj— ^Stt 



Att'^Fj^tti'I 



9p7T7\ 






Dpiiq^ + 9-)') + (g+ ^ go) + (g- ^ go) 



where 






3g^(ci - C2 -I-C3) 



l-.g2z4/2 



3ff C3, 



35 C3. 



(4.88) 

(4.89) 
(4.90) 



Note that (A'^^^ + B'^^'^) is not constrained because there is no low-energy theorem for Eq. (|4.88p in the low-energy 
limit: 



9±,o- 



Nr 



ATT^F^m 



9 pTTTT \-^ 



;37r 



B' 



uj?>it\ 



(4.91) 



in contrast to Eos. (14.481) and (14. 79^ for the 7r"-7*-7* and 7*-7r°-7r+-7r~ vertex functions, respectively. The p meson 
dominance [2g| for this process is defined in a way similar to Eq. (|4.16l) by taking A^^^ = in the form factor Fj^-i-STr 
as 



A^. 



cj— >-37r 



UTT^F^ml 



n R' 

yp7Z-K ' ^ 



;37r 



"^?- (9+ + q-)'' 



+ {q+ ^ qo) + {q- ^ qo) 



(4.92) 



We shall evaluate the parameters in Eq.dMH]) in the SS model. Using Eqs.dnU]), dSST]), ((HTMl) . (P37|) . and (P351) . 
we have 



a: 



B' 



uStt 



((V'iV'o(l-^o')» ((^o^?» 



jStt 



2iV,G \^ (V'i(l-^o')) 

3 ((^oV'i^)) 
2NcG i^l) ' 



(^?> 



(4.93) 
(4.94) 



which are calculated in the SS model as 



SS 
SS 



2.31, 
81.01 



(4.95) 



where we used the experimental inputs of rup and F.^, nip — 775 MeV and Fy^ = 92.4 MeV [23|, to determine the 
value of {NcG) {N^G ~ 0.01). An amount of deviation from the p meson dominance is estimated independently of 
value of [NcG] as 



SS 



^ss'" + ^s"'" 



0.97, 



(4.96) 



which implies that the form factor -FIj-s-Stt hi the SS model is well approximated by the p meson dominance. 

Let us now calculate the decay width r(a; — >■ tt^tt+tt") in the SS model. To do this, we first estimate the value of 
gp^^ which appears in Eq. (|4.88p as the overall coefficient. Using Eq. (jC.35p and the experimental values of mp and 
Ftt, we get gp-KTvlss — 4.84. Second, we evaluate the phas e sp ace integral using experimental inputs for TOjri.o and m^j, 
m^± = 140 MeV, m^o = 135 MeV and m^ = 783 MeV Q. Thus we obtain 



r(w 



2.78 MeV. 



(4.97) 



SS 



This is the first full result obtained by our method which includes effects from infinite tower of higher KK modes. 



The result is compared with the experimental value J23j T{uj — >■ tt tt+tt 



Icxp 



7.57 ±0.09 MeV. 
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It is interesting to note that the estimate in Ea. (|4.97[) is different by about 7% from the value obtained in Ref. 
where higher KK modes of the HLS gauge bosons are truncated at the level of n = 4: 



r(a; -^ Tr'V+TT 



trun (n<4) 



ss 



2.58 MeV. 



(4.98) 



In order to study this difference, let us discuss the original form of the form factor [J]: 



w— v37r 



Nc 



E 



ss k=l 



"^Pfc ~ (9+ +9-)^ 



+ (9+ -^ qo) + (q- -^ qo) 



(4.99) 



To be consistent with our method which integrates out higher KK modes into 0{p*) terms of the general HLS 
Lagrangian, we expand Eq. (|4.99p as 



cj— >-37r 



Nc 



ss 



47r2F^m2 



dpTTTT 



2 00 ^ 

^^" "^ ^ 9'^pk''r9pk''r7T 



E- 



9p-^^ fe=2 ^P^' 



+ 3 {ig^p.) {Dp{{q+ + q-f) + {q+ ^ go) + (?- ^ ^o)} 



(4.100) 



up to 0{q^ o/^^'pk) (^ — 2) which corresponds to terms higher than 0{p'^) in the Lagrangian. The coefficient of the 
second term, guipn, is read off from Ref. [J] as 



ffojpir 



1 {{Ml)) 

2NcG {iPD 



(4.101) 



Note that the expression of [iguipir) is exactly the same as that of B'^^'^ in Eq. (|4.94p . We may therefore write 



F^ 



J.37r 



Nr. 



SS 



47r2i^^rn2 



9p7T7r 



2 00 



9pTnv J, 



E 



9i^Pk'^9pk'^'^ 



2 PI' 



+ ^^\ ^p((l+ + 9-)') + (9+ ^ 90) + {q- ^ qo) 



(4.102) 



Identifying the first term of Eq. (|4.102p with A^^'" in Eg. dTM)) . 



2 CO 



ypTTTT 



{{M^{i-i,l))) ((V-oV-?)) 



fc=2 



TOf 



2iV,G \^ (^1(1 -V§)) 
3 A(^i^o(l-^g)))' 






2iV,G \^ (^1(1 -Vo')) 
and using the expression of gp^Tr in Eq. (j4.28p and that of g^^p-^ in Ea. (|4.10ip . we may read off 

°° gcjpkTrgpkTTT: _ 1 {{Mjl)){{t{jl1po{l-'4'i))) 



E 



fc=l ''''- 



2m2(iV,G)3/2 (^1)1/2(^,(1 _ ^2)^ 



(4.103) 



(4.104) 



This is a new sum rule which was not obtained in Ref. ^] . This sum rule shows that the form factor (I4.102p includes 
effects of full set of the infinite tower of the vector mesons. In contrast, in Ref. [J] some parts of the contributions are 
examined by naively truncating the infinite tower as in Ea. (|2.33p . 



V. SUMMARY AND DISCUSSION 



In this paper, we developed our method of integrating out higher KK modes of the HLS gauge bosons identified 
as vector and axialvector mesons in a class of HQCD models including the SS model. Our method is to integrate 
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j(m) 



rin) 



out higher KK modes through their equations of motion for the HLS gauge bosons A)!_"'' and V/l""' in Eg. (12.341) : 

A^T' = and V^ = q;^||. Thus the higher vector mesons are replaced by a^|| = jp^[TT,d^TT] + ■ ■ ■ ("pion cloud") 

which generates the 0{p'^) terms as well as the C'(p^) terms of the HLS Lagrangian. Since a^\\ keeps the same HLS 
transformation property as that of the fields of the integrated-out KK modes, our method is manifestly invariant under 
the HLS and chiral symmetry including the external gauge symmetry. On the contrary, a naive truncation corresponds 
to simply putting fields of higher KK modes to be zero which does not reproduce the correct transformation property 
as shown in Eq. (|2.3ip . and hence violates the HLS and the external gauge symmetry. 

Given a concrete HQCD not restricted to the SS model, our method enables us to deduce definite predictions for 
any physical quantity which can always be written in terms of the parameters of the general HLS model, thus can be 
compared with experimental data once those parameters are determined from the HQCD. 

To show the power of our method, we took the SS model as an example. The SS model is thought to be valid only 
below the Mkk scale, so higher-KK (mass eigenstate) fields should not contribute in the low-energy physics. In our 

in) 

integrating out method this was reflected by setting higher mass eigenstate fields S/j — through the equations of 



,(m) 



.(») 



motion: In terms of the HLS basis (^/^ and V^i ) are no longer independent degrees of freedom but simply generate 
0{p'^) terms and modify 0{p^) terms as well. We presented a full set of the 0{p*) terms of the HLS Lagrangian 
computed from the DEI part and the CS part at the leading order of l/Nc expansion. Once the parameters of the 
HLS model are determined by the SS model, we can compute the form factors which are always given in the general 
framework of the HLS model. The EM gauge invariance and the chiral invariance are automatically maintained since 
our method is manifestly invariant under the external gauge symmetry as well as the HLS. The result of the pion EM 
form factor was compared with the experimental data together with the best fit within the general HLS model and 
the result of the p meson dominance (See Fig. [5]). It turned out that the SS model agrees with the experiment. 

In the same fashion, we evaluated the ir'^-j (Fig[3]) and uj-tt^ (Fig. |4]) transition form factors, which were compared 
with experimental data together with the best fit within the general HLS model and the result of the p/co meson 
dominance. It turned out that in the SS model the tt'^-j transition form factor disagrees with the experimental 
data, while the w-tt" transition form factor is consistent with the data. We also presented the results for the related 
quantities such as 7*-7r°-7r"'"-7r~ and a;-7r''-7r"'"-7r~ vertex functions. 

We further derived the same form factors by a different method dealing with the infinite sum explicitly without 
using the general HLS Lagrangian. This confirms that our formulation correctly includes contributions from infinite 
set of higher KK modes and that infinite sum is crucial for the gauge invariance. Actually, the EM gauge symmetry 
and chiral symmetry (low-energy theorem) in the form factors are obviously violated by a naive truncation simply 
neglecting higher KK modes instead of taking the infinite sum. 

Our method was used to deduce predictions of the SS model which were not available before. Summarizing the SS 
model prediction to be compared with the experiment: 

(I) The pion EM form factor (Fig. [2) agrees with the experiment (x^/d.o.f = 147/53 = 2.8) compared with the best 
fit of the general HLS model (x^/d.o.f — 81/51 — 1.6) and the p meson dominance (x^/d.o.f = 226/53 = 4.3). 

(II) The 7r°-7 transition form factor (Fig. [3]) disagrees with the experiment (x^/d.o.f = 63/5 = 13) compared with the 
best fit of the general HLS model (x^/d.o.f = 3/4 = 0.7) and the p/oj meson dominance (x^/d.o.f = 4.8/5 = 1.0). 

(HI) The cj-TT^ transition form factor (Fig. H]) is consistent with the experiment (x^/d.o.f = 45/31 = 1.5) compared 
with the best fit of the general HLS model (x^/d.o.f — 24/30 — 0.8) and the p meson dominance (x^/d.o.f = 
124/31 = 4.0). 

The item (I) implies no obvious need for corrections as to space-like momentum region, while in the time-like region 
the DBI part of the SS model yields for the KSRF I and II (4], 



9p 



^QpiTT:^ -K 



q2 p2 

iJpTTTT TT 



SS 



SS 



2.0 



3.0 



^dpTTTr-t^TT 



cxp 



„2 p2 

iJpTTir TT 



1.0 



2.0 



(5.1) 



cxp 



which would need some corrections such as 1/Nc subleading corrections [IJ]. The item (II) implies that the SS model 
would need corrections for the CS term which may arise as 1/Nc subleading terms. Our formulation can also be used 
to test other HQCD and suggest possible corrections. 

Throughout this paper, we confined ourselves to the leading order in the 1/Nc expansion. We demonstrated that 
as far as the 1/iVc-leading order form factors are concerned, the same results as those of our method can also be 
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obtained by other methods using sum rules for infinite sum of KK modes instead of the HLS Lagrangian. As far as 
the tree level is concerned, our method setting fields of higher mass eigenstates B/J = as in Eq. (j2.34|) in the HLS 

basis is obviously equivalent to the same setting in the Lagrangian written in terms of B^T |18l | without explicit use 
of the HLS gauge basis. However, in our method based on the HLS formalism, the systematic chiral perturbation can 
straightforwardly incorporate the 1/Nc subleading effects through loop calculations. Further studies along this line 
will be done in future. 

Our focus in this paper has been on the l/A^c'l^&ding action and its derivative expansion. There could be another 
source, which affects coefficients of 0{p'^) terms, arising from 1/A expansion. Further development of our method 
incorporating such another source will be pursued in future. 

In the end, we emphasize that our formulation can be applicable to several types of HQCD models 0, M, ^M ^^'^ 
models including baryons [l3, |33|. It will also be interesting to apply our method to HQCD models in hot and /or 
dense matter [3J| , and furthermore so-called holographic (walking) technicolor models [S^ and Higgsless models [3a] . 
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Appendix A: HLS-gauge invariance of Fa 

In this section we give a proof for the HLS-gauge invariance of the T^ term in Ea. p.9p . 

Wc begin by decomposing the five-dimensional gauge field A — AmAx^ (M — fi, z) "^^^ in Ea. (|2.18p into two parts 
including infinite tower of vector and axialvector meson fields: 

A = v + a, (A.l) 

OO 

V = Wo + 1' = "II +^"11 V'2n-l , (A. 2) 

n 

OO 

a = ao + a = a±tpo + ^A^"'H2n, (A.3) 

n 

where d^") = a\\ — V'^'^\ They transform under the HLS as 

a|| -^ h- awh^ ^h- d-h\ (A. 4) 

(A.5) 
(A.6) 
(A.7) 

so that v-^h-v-h^ + h-d-h^ and a ^f h- a ■ h^ . 

In Az = Q gauge, the action Vj, in Eq. (|3.9p takes the form: 



-r- 


h 


.[,"). /.t, 


a_L -> 


h 


"ll•/^^ 


^(») ^ 


h 


a(") • h) , 



— / tr 



Sadvdv + adada + 3{v^a + av^ + a?')dv + [2>avada\ 



non— zero 



(A.8) 



*^^ In this section wc take Am to be anti-herniitian. 
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which can be separated into two portions, 

Ta = Tai + T32 , (A.9) 

Tai = / tri3advdv + 3{v'^a + av^)dv], (A.IO) 



"32 = / tr adado + 3a^dv + 3 [awada]j^Qj^_^g^^ . (A. 11) 

Jm^xr \ J 



As to Fai, we calculate it as 



Tai = 3 / dz / tr —a{dzv)dv — adv(dzv) — (y a + av )dzV 
= —3 dz tr [dwa + adv + {v^a + av'^)] dzV 



^ -i I dz I tT\{dv + v^]a + a{dv + v^]dzv\. (A.12) 

From the transformation properties of v and a, and noting that dzV = dzV transforms homogeneously under the HLS, 
we see that Fsi is HLS- gauge invariant. 

As to F32, we first consider the first term in it: 

/ tr adada = / iylai^dai^daa + [adada]^^^^_^^\ . (A. 13) 

Jm-^xR \ j J M^xR \ j 

The first term of Eq. (jA.13p is calculated to be zero: 

tr aodaodao = — dz tr ao{dzao)dao + aodaodzao 

M^xR \ I J Jw^ \ I 



= — dz tr (daoGo + aodao)dzao 

= -- dz ti i[{da±)a±+a±{da±)]a±\ipl'tjjo 

= -^ / dz—^ipl) / tr [{da±)a± + a±{da±)] a± 

= -— / tr [{da±)a± + a±{da±)] a± 

= -^/^^, trlid&^Xa^f - ida^)ia^)A 

= . (A.14) 



Thus we have 



tr adada = / ti-[adada]„^„_^^^^ . (A.15) 

M-^xR \ J Jm-^xR \ j 

From this and noting that the second term in F32 does not include zero modes since dzV = dzV, we may write 

F32 = / tr [adada + 'ia dv + 3avada\ _ . (A. 16) 
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We further rewrite this Fao as follows: 



32 



tr 



M'^xR 



i non— zero 



tr 



M^xR 



1 non— zero 



tr 



M^xR. 



tr 



M^xR 



tr 



M<i X R 



tr 



M^xR 



[adadzU + adzuda + 3a dzV + 3avadza 
[{ada + daa + 3ava} dzd + ia dzv\ 
\Jya{da + va + av) + {da + va + av)a + ava — a?v — ua^} dza + Sa^Szw] 
[{a{da + ua + av) + (da + ua + av)a\ dza] 
\adzaav + dzaa^v + a^dzav + 3a'^dzV 
\{a{da + va + av) + {da + va + av)a} dza + 2a dzV 



non— zero 



Jnon— zero 



J non— zero 



J non— zero 



M4 X R 



trdz [a'v] 



non— zero 



(A.17) 



Note that the last term includes at least one non-zero mode/normalizable-mode which vanishes by the boundary 
condition at z = ±oo. Thus we find it goes to zero after integration with respect to z: 



f trdz I \a^v] 1=0. 



(A.18) 



On the other hand, we can easily see that the remaining terms in the first line of Ea. (|A.17p are HLS-gauge invariant. 
Thus it has been proven that the action T3 is HLS-gauge invariant. 



Appendix B: Expanding Dirac-Born-Infeld and Chern-Simons parts in terms of HLS-building blocks 

In this section we derive Eqs. ([3?T5| - ([33T|) in the DBI part and Eqs. (|3?36l) - (f3^ in the CS part. 



1. Dirac-Born-Infeld part 

Taking into account Az = gauge and substituting Eq. (|2.44l) into the field strength F^^, we have 

Ff,z = d^,Az-dzA^-i[A^,Az] 

= -dz (a^iV'o + V'^ + a^ii (1 + i>i)) 

Similarly for Ff^^, one can calculate it as 

-i [dpiV'o + V^ +a^||(l + V'l) , ai._L'/'o + K + a,y||(l + V'l)] 
= (-D^a^_L - -D^a^±) V'o + {D^j^a^w ~ D^a^\\) (1 -I- ^1) + V^^^ 
-i [a^± , a^^]^)^ -i (["Mi ' '^I'll] + [q^mII ' "^^J-]) (1 + V'i)V'o 
-i [a^ii , a^||] (1-1- Vi)^, 



(B.l) 



(B.2) 
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where we have defined 



Using the identities, 



we obtain 












(B.3) 

(B.4) 
(B.5) 



(B.' 



Substituting the final expressions in Eqs. (|B.ip and (JB.6P into the DBI part p.ip . we are readily led to Eq. p.lSp - 



2. Chern-Simons part: Fa 

We start with an expression of T^ given in Eq. ljA.SP : 



r, = 



247r2 



tr 



Inon— zero 



-^^ /dz / tr 
247r2 J Jm, 



Sadvdv + adada + 3{v a + av + a )dv + [3avada], 

adzvdv + advdzV + v adzV + av dzV + a dzV + [avadzo] 



non— zero 



(B.7) 



where vector (v) and axialvector (a) fields are taken to be anti-hermitian for convenience. After integrating out higher 
KK modes in the CS part, v and a respectively become 



V = ail +q;||V'i(2:) , a||=a||+\^, 

a = a^ipoiz) ■ 



(B.8) 
(B.9) 
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Substituting these expressions into Eq. (jB.7|) . we calculate T^ as follows: 
3A^, 



Ts = - 



247r2 



M'>- 



'247r2 



tr 



M* 



3iVc 
"247r2 



M* 



3A^c 
"247r2 



M* 



('(/'o'0i)(a±a|| -a||a_L)(da|| +a||) 
+ (V'oV'iV'i) "^ 2a||d||Qfj_d|| + (d_La|| — d||d_L)dd|| + (d_LQ;|| ~ a||d_L)d^| > 
+ (V'oV'iV'?> (2a±df|) + (V'o^o^i)(2d||di) 

(i/'oi/'i)(dj^d|| -d||dj_)(d]^| +£'d|| + Fy) 

+ (V'oV'iV'i) |(-C'd|| + 2d^|)(d_Ld|| - d||dj_)| 

+ {^o^i^i) (2d±df|) + (V'^^o^i)(2d||di) , 

{iJoipi)ia±a\\ -d||d_L)(-di + Fy) 
+ (V'o^i'0i) |(af| - d^ - Fy + Fy)(d_Ld|| - d||d_L)| 
+ {iPoi'iiPl) (2d_Ldf|) + (V'oWi)(2d||di) 



+ (2V'oV'n/'i(l + V'i))aj-af| 

+ (2^^01^1(1 + V^i-3^o)>a||ai 

+ (V'oV'i(l + ^i))ict±a\\ - d||dj_)Fy 



tr 



where (A) = J dzA{z) for an arbitrary function A{z), and we have used an identity. 



Da\\ = (id|| + Fd|| + d||F = — d^| — d'^ — Fy + Fy , 



and defined 



Fv = dV" + y^ 

A Fl+Fr 
rv — z , 



Fl,b. = dAL^R + Alj^. 
Moving on to four-dimensional Minkowski-space time and rewriting 1-forms in terms of hermitian fields, we obtain 



(B.IO) 

(B.ll) 

(B.12) 

(B.13) 

(B.14) 
(B.15) 



r. = 



247r- 



■ / < a:itr[(dj^d|| — d||d_L)Fy] + a:;2itr[dj_d^|] 



-|-X3itr[d||d^] + a:4tr[(d_Ld|| — d||d_L)Fy] > , 



(B.16) 
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where 

xi = (3V'iV'o'0i) , 

X2 = (6V'iV'o'0i(l +^i)) , 

X3 = (2^o^i(-V'^ + 3V'i+3)), 

X4 = (-3(V'i + l)V'oV'i) ■ 

The IP-odd terms in the HLS model are given in terms of Q!||, a± as (See Eq. p.34p ') 



r 



HLS 
IP-odd 



1677' 



■ / < (— 4ci — 4c2) itr[dj_a 



+ (4ci -4c2)itr[Q||ai] 

+ (-2c3)tr[(a_La|| ~ a\\a±_)Fv] 

+(-2c4)tr[(d_Ld|| - aiia±)Fv] 



(B.17) 
(B.18) 
(B.19) 
(B.20) 



(B.21) 



Comparing this form with T^ in Ea. (|B.16l) . we find 



Cl = 


-12^^^ 


' 12 


C2 = 


1 
^12^^- 


1 
" 12 


C3 = 


1 




C4 = 


1 





X?, , 



X3, 



which readily lead to Eqs.(|336l)-(l339|. 



(B.22) 
(B.23) 
(B.24) 
(B.25) 



Appendix C: Alternative derivation of our results for IP-odd processes and its gauge/chiral invariance 

In this appendix, to see that our formahsm correctly incorporates contributions from higher KK modes of the 
HLS gauge bosons in the IP-odd sector, we shall perform a low-energy expansion of the original forms of the vertex 
functions [Jj for 77°-7*-7*, ^-77*^-7* and 7*-77''-77+-77~ to be consistent with our integrating-out method as was done in 
Sec. lIVAl (See Eq. (|4.2ip ). We also discuss a naive truncation and violation of gauge/chiral invariance. 



1. 7r°-7*-7* vertex function and 7r°-7 transition form factor 

We begin with the original form of the 77'^-7*-7* vertex function written in terms of infinite sum of vector meson 
exchanges [J]: 



r''''[77",7:(?i),7:(<72)] 



24772^^ 



e-"Va92,-EE 



ss ■■ fe=l 1=1 

where the coupling gu^pi-n is defined in the SS model as 

3 



9t^kPi-^9pi9t^k 



{ml^+qf)iml + g|) 



+ ill ^ 92) 



(Cl) 



£ 



i^kPl-n 



'SttF^ 



g.,p,.5^e'^"^''^9MK).aA(p^a•'^^ 



(C.2) 



a=l 
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Consistently with our method which integrates out higher KK modes into 0{p'^) terms of the HLS Lagrangian, we 
expand Eq. (|C.ip as 



r'"^[^°,7;('zi),7:(92)] 



ss 









EE 



9ujkpi-^9pi9t^k 



\k=2 1=2 ^k Pl 



\ fc=2 ^fc '' / 



i / QijJpTrQpQi^ 



2 V m-^m2 



{i?.(g?).i?p(g2) + (52^g2)| 



(C.3) 



up to terms of C('?i 2/"^p u ) {^ ^ 2), which correspond to terms higher than 0{p'^) in the Lagrangian. Using the 
sum rules jj^], 



E yuJlPkTTHPk _ v^ 



duJkPiTrguJk 



m-i ^-^ rd}, 

fc=i P^ fc=i "fc 



dpiT^Tt ■ 



E 



gpkT:T^9pk 



= 1. 



fe=l Pfc 



we have 



00 00 



Y^ V^ gt^kPlTrgpiQuk _ , _ 2ffp7r7r.9p ffi 



777f, 771 „ 
fc=2 i=2 "fc P' 



m^m-t 



E 



9^kP''^9p9t^k 9pTnr9p 9u:ptt9p9lj 



777?, 777,2 
fc=2 "fc Z' 



77727772 



From Ref. 3 we read 



ffpTTT^ffp _ 1 ((•0i-0o))(V'i 



7772 2 (7A2) 

9lop^9p9lo _ 1 ((■0i^o))('0i 






2 (7A2)2 

Substituting these into the right hand sides of Egs. ljC.Sp and (|C.6I) . we have 



00 00 



9ujkPiT9pi9uik 



z 

k= 


=2 1=2 


"^',"1?, 




00 
fc=2 


9^kpv9p9i^k 




7772^7772 






9'^pTr9p9^ 



1 



(^l)((7/>o^l)) 1 (V^i)2((V;oV?)) 



(^2) 2 (V^2^2 



77727772 



(^l)2((7Ao7^2^) 
(V.2)2 



(V'? 



2\2 



The right hand sides are identical to ^^27.(77^27 ^^ Eas. (|4?54)) - (|436)) : 

00 00 

V^ V^ 9i^kPi-^9pi9i^k _ /1t27 

"^ Z^ 777,2, ^2 SS 

fe=2 1=2 '^k Pl 

00 
r)V^ 9<^kP-^9p9t^k _ rjir27 



777f, mf; 

k=2 "*= ^ 

9ujp7T9p9uj 



y-^7r27 

- "-^ss ' 



(C.4) 

(C.5) 
{C.6) 

(C.7) 
(C.8) 

(C.9) 
(CIO) 
(C.U) 



(C.12) 

(C.13) 

(C.14) 
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and hence we arrive at the same result as that derived from our method integrating out higher KK modes fEa. (|4.43|) 
with Eqs. (H3il) - (|i3gi) '): 



v^''[^\i:{qi)n:{<i2)] 



AiuaP 



qiaqifi 



ss 



+^{Dpi<il)-DUqi) + iql^qi)} 



<" + ^ {DpiiD + DMl) + {ql ^ ql)] 



(C.15) 



For the transition form factor F^o^, we have 



F^o^iQ^) 



ss 



Al^T 



D7r27 \ / D7r27 /^7r27 



[Dp{Q^) + D^iQ^)]^ 



(C.16) 



Because the resuhant form (jC.151) is the same as that obtained from our method which is manifestly gauge invariant 
by construction (See Eqs. (|2.36p . (l2.37p and (|2.4ip '). the low-energy theorem in Eq. (|4.48p is actually satisfied: 



^7r27 _|_ ^Tr27 _|_ ^7r27 _ ^ ^ 



SS SS 



(C.17) 



For a comparison, let us consider what would happen if one had naively truncated tower of the HLS gauge bosons 
at the lowest level as in Eq. (|2.33p . From Eqs. (|C.12[) and (jC.13p . one can easily see that such a naive truncation 
corresponds to simply neglecting higher KK modes, A^^^ — i?J^^ = 0: 



F^o^{Q 



*^7r27 



SS 



m?p + Q^ ,7^2 ^ Q2 



(C.18) 



with C!;2t ~ 0.5 from Eq. (H3S| . At Q^ ^ we have 



-^^07(0) 



= C!;27 -0.5^1, 



(C.19) 



ss 



which breaks the EM gauge symmetry. Note again that the naive truncation (IC.18[) is different from the p/u) meson 
dominance ()4.50p which is gauge invariant. The violation of gauge symmetry can also be seen in the vertex function 
as 



r'^^[7r°,7:(9i),7:fe)] 



,?^0 ^N^^,.^p^^^^^^ . (^.27) 



ss 



^ 



127r2F^ 
12ii^fJ 



4J.va^ 



91q92/3 : 



which contradicts with the low-energy theorem (|4.49p . 



2. u)--K^-^* vertex function and oj-tt^ transition form factor 



We start with the form 



r'^-K(p),7r",7:(fc)] 



SS 



eJVc 
B7r2Fj 



^kp -^ 



n— 1 P^ 



(C.20) 



(C.21) 



We expand this expression to be consistent with our method integrating out higher KK modes into 0{p'^) terms of 
the general HLS Lagrangian: 



T^-[u:^{p),n\^l(k)] 



eN, 



ss 



Stt^F^ 



£ j.iua.l. 



Paki3 



E 



9ujpn7r9pn 






QiOpTxSp 



Dp{P 



(C.22) 
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up to terms of 0{k'^ /m,'^ ) (n > 2) which correspond to terms higher than O(p^) in the Lagrangian. Using the first 
sum rule displayed in Eq. (|C.4p . we have 



E 

n=2 



9ujpnTr9pn 



9p7T7T 



9uip-!r9p 



(C.23) 



From Ref. Q we read 



1 



QpTTTT 
9<^p7^9p 



((^o^i))^ 



We then have 



E 



t5p„ 



2VA^ V (^?) ' 

1 (C0oV^^))(^l) 

"((^o^i)) (^i)((V'o^?)) 



ri=2 P" 



2y^Nji 



^/W) 



(^2)3/2 



(C.24) 
(C.25) 

(C.26) 



Comparing Eas. (|C.25|) and (|C.26p with Eas. (|4?70)) and (|469)) . respectively, we find 



E 



9bjpnTr9pn 



n=2 P" 



9ujpTz9p 

ml 









(C.27) 
(C.28) 



and hence arrive at the same result as that derived from our integrating-out method fEa. (|4.59p with Eqs. (|4.69p and 



n-K(p),^°,7:(fc)] 

For the transition form factor, we have 

ss 



ss 






e^'^'^P^kp ■ [A^J-' + B^^^-'Dpik^)] 



(C.29) 



SS 



A'^p + B^p 



TDUJTT'y 



A^p + 3-^^ J ml-q^' 



m. 



(l-^ss)+^: 



m„ 



ss 9 9 

rrip — q-^ 



(C.30) 



A naive truncation as in Eq. (|2.33p . which corresponds to setting A'^p = 0, would lead to the same form of F^^^o as 
that of the p meson dominance (|4.68p . although g^j^^ in Eg. (14.651) yields the value about 1/(1.53) ~ 2/3 times smaller 
(See footnote [#12]). Unlike the case of the pion EM and 7r°-7 transition form factors, the violation of gauge symmetry 
is not manifest in the uj-i:^ transition form factor F^t^o since there is no low-energy theorem for this process. 
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3. ■y*--K^-iT^-Tv vertex function 
The original form |^] can be expanded consistently with our integrating-out method: 






ss 



Utt^F^ 



eNr 



e^iya/39o9+9 






gct)fcPi7rffpi-n-7rgcjfe 



/ 2 , 2^^ 2 , ^ , T^ + {q+ ^ Qo) + {q- ^ qo) 



1/ ct /3 



l2Tr^p3^t^'''^Plo1+1- 



oo oo 



3^^^EE 



dt^kPlT^dpiTrirdi^ 



2 V^ 9u:pi-'r9piinr9i^ 



k=2l=2 "^^^ 



^f^y: 



1=2 '^ P' 



DM^) 



__ I o p2 V^ 9LJkp-^9pTvir 9u:k \ ( n //„ , „ ^2 

3 I '" {-^ ra},, m 



k=2 ■■4™P 



{Dp{{q+ + g_)2) + (g+ o go) + (?- ^ 9o)} 



1 f^p2 9u.p.9p..9. I ^^(^2) . {^^((^^ ^ ^_)2) ^ (^^ ^ ^^) ^ (^_ ^ ^^)} 



UJ p 



(C.31) 



where we have neglected terms of 0{p ,q\. Q/rni^ ) (fc > 2) which correspond to terms higher than 0{p ) in the 



Lagrangian. Using the sum rules in Eq. (|C.4p and [J| 



oo 2 



1=1 < 3F2 



we have 



3^.^EE 



/ „2 p2 \ 

9oJkPlT^9piT^ir9(^h _ -1 Q / 9pinT^TT \ I r, 9ojpTr9^ 



m?, mi 

k=2 1=2 "fc P' 



= 1-3 



2 V^ ffc^jiPTrffpTTTrff^fc 



3^.^E 



9pTnTm'u 



k=2 "fe P 



o p2 V^ 9uipi-'r9piTnv9uj 

^ ^-^ mi^mi 

1=2 " Pi 

From Ref. [J| we read off 

gp^x^.' ^ l ((V'oV'i))(^i(l-^g)) 
m2 4 (V-?) 

9LopT^9iO ^ (•0i)((-0o'0i)) 
Putting these into the right hand sides of Eas. (jC.33[) and (IC.34[) . we have 



9ujp7t9cj 
9p-ivnf^ui 



(C.32) 

(C.33) 
(C.34) 



(C.35) 
(C.36) 



3^.^EE 



9uJkPlTr9piTnr9uik 



= 1- 



k=2 1=2 "fe Pi 



(V'i)((^oV'i(i-^o'))) , ((Wi))(V'i(i-V'o')) ((V'o^?))(V'i)(^i(i-V'g)) 



+ 



2 \"^ 5cjp;7r5p(7r7r5w £ 

4 



3^.^E 



mf,m„ 

1=2 " P' 



2 V^ 9i^kp'^9pTr-^9'^k 



3^.^E 



?7l,2 77^2 
fc=2 "fc P 



i^l) m 

((V'oV'i))(V'i(i - ^D) ((^oV'?))(V'i)(^i(i - ^D) 



m 



2\2 



3F, 



2 QLOp-Kgp-K-KQuj 



■K 9 9 

m^m2 



{{^,^l)){^i){Mi~^l)) 



W 



2\2 



(V-?) 



2\2 



(C.37) 

(C.38) 

(C.39) 
(C.40) 
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The right hand sides are identical to AJ^^'-DJ^'' in Eas. (|4?8T|) - (l484l) 



OO OO 



3^.^EE 



9^kPl-^9piTnT9u}k _ /1737r 



mf, m„ 

fe=2 1=2 "t- Pi 






1=2 '^ Pi 



2 V^ 5(^fcpir5p7r7r.9cJfc 



3^.^E 



*^737r 



fc=2 "fe ^ 



q p2 ff^PTrffp-n-Trggj _ r)73ir 

and hence we arrive at the same resuh as that of our method fEq. ()4.73p with Eqs. (j4.8ip - (|4.84p ): 



(C.41) 

(C.42) 

(C.43) 
(C.44) 



rM[7;b),7r°(go),^+(<Z+),vr-(g_)] 



ss 



127r2F3 



^p^vapq^q+q- 



Af/ + B7^--DUp') 



r^'ySiT 



Dp{{q+ + q-f) + i?p((g- + go)') + i?p((go + ?+)') ^ 

(C.45) 



+ ^ • D^{p^) ■ Dp{{q+ + q^f) + 2?p((g_ + q^f) + D,{{qo + q+f) 

Since the resultant form is equivalent to that obtained from our method which is manifestly gauge invariant by 
construction (See Eas. (|2.36p . (|2.37p and (|2.4ip '). the low-energy theorem (I4.79P is actually satisfied: 



Al^J + 51'" + CI'" + Dl^J = 1 . 



ss ss 



(C.46) 



In contrast, a naive truncation as in Eq. (|2.33p . which corresponds to taking A'lf" — BJ^^ = '-^^s^'^ = ^ in Eas. (jC.4ip - 
(|C.43p . would provide us with 



rp[7u(p),7r°(9o),7r+(gr+),7r (gr_)] 



SS 



Tf-pj^aijqQq+q- j-j... 



367r2F3 



^^ TO^ — p2 



TO' 



"^p- (<?+ + 9-) 



+ {q+ ^ qa) + (q- ^ qo) 



(C.47) 



with D^^'^ — 1.5 from Eq. (|4.85l) . At the low-energy limit p-^,qj.f^ -^ 0, we have 



T^[j:{p),7T"{qo),7r+iq+),7T-{q^)] 



P^.qlo^o eNc 



2wZ P^°'P^O^+ 



m'iq%q'-{Dt^) 



ss 



^ 



12^2^3 



e Nc ^ a a 



127r2F3 



(C.48) 



which contradicts with the low-energy theorem (|4.79p and hence breaks the EM gauge symmetry. It should be noted 
again that the pju truncation (|C.47p is different from the pju: meson dominance ()4.80p which is gauge invariant. 
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